This paper is devoted to the classification of integrable Davey-Stewartson type equations. A list of potentially deformable dispersionless systems is obtained through the requirement that such systems must be generated by a polynomial dispersionless Lax pair. A perturbative approach based on the method of hydrodynamic reductions is employed to recover the integrable systems along with their Lax pairs. Some of the found systems seem to be new.
Introduction
In this paper we continue the programme of classification of integrable dispersive 2 + 1-dimensional equations started in [1, 2] and present the complete classification of integrable two-component systems of second order u t = F (u, v, w, Du, Dv, Dw) v t = G(u, v, w, Du, Dv, Dw)
, w y = u x .
(1.1)
Here u(x, y, t), v(x, y, t), w(x, y, t) are scalar variables, Du, Dv, Dw denote the collection of partial derivatives of u, v, w with respect to x, y up to the second order and F , G are polynomials in derivatives with coefficient depending only on u, v, w.
The approach proposed in [1, 2] consists of two steps:
• One first classifies integrable dispersionless equations which may potentially occur as dispersionless limits of systems in consideration;
• One then reconstructs the dispersive corrections preserving integrability.
One of the most famous examples within class (1.1) was introduced by Zakharov in [13] u t = (uv) x + u xx , v t = vv x + w x − v xx , w y = u x , ( Two more known examples [10, 11] include u t = wu x + v x + u xx , v t = (vw) x − v xx , w y = u x and u t = (uv) x + wu x + u xx , v t = (vw) x + vv x − v xx , w y = u x and their Lax representations are given by 4ψ xy + vψ − 2uψ x = 0, ψ t + ψ xx − wψ x = 0 and 2ψ xy + vψ y − uψ x = 0, ψ t + ψ xx − wψ x = 0.
The classification results obtained in this paper include 6 more integrable systems of the form (1.1) (Theorem 3), some of which seem to be new.
The dispersionless counterpart of system (1. and taking the limit ǫ → 0.
We recall that the dispersionless system (1.4) is integrable by the method of hydrodynamic reductions (see e.g. [4] ), a method which can be applied to any first-order quasilinear system A(u)u t + B(u)u x + C(u)u y = 0, (1.7)
where A, B, C are n × n square matrices and u is an n-dimensional vector. Integrability in this sense means that for any fixed number N , an integrable system of the form (1.7) possesses an infinite class of solutions of the form 8) parametrized by N arbitrary functions of a single argument, where the Riemann invariants R i (also called phases) are assumed to satisfy pairs of commuting diagonal systems
In order that relations (1.8) and (1.9) represent a nontrivial solution, it is readily seen that the velocities λ i , µ i must satisfy the so-called dispersion relation
Throughout this paper, we consider only systems for which (1.10) defines an irreducible curve. Moreover, compatibility of systems (1.9) requires that the velocities λ i (R), µ i (R) obey the conditions
where
We admit the following definition of integrability of dispersionless systems Definition 1. A quasilinear system (1.7) is said to be integrable if for any number of phases N it possesses infinitely many N -phase solutions parametrised by N arbitrary functions of one variable.
Owing to the fact that the flows (1.9) are automatically commuting for N = 1, one-component reductions of system (1.4) are parametrized by the following relations 12) where V (R) is an arbitrary function and W (R) is fixed up to an integration constant by the relation
Moreover, the normalization u = R is assumed to hold through a Miura-type transformation. It was shown in [1, 2, 3] that deformability of hydrodynamic reductions can be used as a definition of integrability of dispersive equations. Indeed, formulae (1.8), (1.9) governing hydrodynamic reductions can be deformed through the addition of a dispersive correction of the form 13) where the terms at ǫ k are homogeneous differential polynomials in the x-derivatives of R i of total degree k + 1 with coefficients being functions of the Riemann invariants. Using this construction the following definition of integrability of 2 + 1-dimensional dispersive systems was introduced in [1] .
Definition 2. A 2 + 1-dimensional system is said to be integrable if all hydrodynamic reductions of its dispersionless limit 1 can be deformed into reductions of the corresponding dispersive counterpart.
To accomplish the classification program, the polynomial systems (1.1) are written in the quasilinear form 14) under which they are often referred to as Davey-Stewartson type systems. Here the greek symbols α, . . . , denote functions of u, v and the nonlocal variable w = D −1 y D x u and the terms at ǫ are assumed to be homogeneous differential polynomials of total degree 2. The dispersionless limit
is thus obtained by simply setting ǫ = 0. To classify integrable systems (1.14) we first have to classify integrable dispersionless systems (1.15) and then classify dispersive deformations of the obtained systems. Classification of integrable systems (1.15) can be performed using the conditions of existence of 2-and 3-component hydrodynamic reductions (Section 2). The list of such systems is very extensive and moreover most of examples are not deformable to (1.14). However we notice that if a dispersive system (1.14) is integrable then it possesses a Lax representation
where L and A are some linear differential operators with coefficients being functions in u, v, w and their derivatives. The dispersionless limit (1.6) brings the Lax representation to a form
where F and G are polynomials in S x , S y with coefficients depending on u, v, w. Thus if a dispersionless system is deformable then it possesses a polynomial dispersionless Lax representation and it is enough to restrict ourself to only such dispersionless systems. We therefore adopt the following classification approach:
• We first classify integrable dispersionless systems which possess polynomial dispersionless Lax representations (Section 2). In this paper we restrict ourselves to second degree polynomials;
• We then classify dispersive deformations of such systems (Section 3).
We finally emphasize that the same perturbative approach can be used to obtain the Lax pair of an integrable dispersive system from that of its dispersionless limit, given that this limit is integrable in the sense of hydrodynamic reductions. In Section 3 we present a construction which allows to deform dispersionless Lax pairs into their dispersive counterparts and give the complete list of integrable systems (1.14) along with associated Lax representations.
2 Classification of dispersionless systems.
In this section we describe and apply the two approaches to the classification of integrable dispersionless systems
where we assume that coefficients α, . . . , κ are functions of u, v, w.
On one hand, the method of hydrodynamic reductions provides a sufficiently restrictive integrability criterion which permits to distinguish integrable systems within the considered class. Similarly to the 3-soliton criterion for solitonic systems, it can be seen that the presence of 3-phase solutions (solutions of the form (1.8), (1.9) with N = 3) is necessary and sufficient to prove integrability of dispersionless systems. However, requiring directly the existence of 3-phase solutions for system (2.1) is hardly workable since the dispersion relation of system (2.1) defines a cubic curve which may not be a priori a rational curve. The following theorem allows to overcome this difficulty by providing necessary and sufficient conditions for the existence of 2-phase solutions for any system (1.7).
Theorem 1 (Ferapontov, Khusnutdinova [7] ). The Haantjes tensor of an arbitrary matrix Ω = (kA + B) −1 (lA + C), k, l ∈ R, is zero if and only if the following hold.
• System (1.7) possesses double waves parametrized by four arbitrary functions of a single argument.
• The characteristic speeds λ i , µ i of two-component reductions are not restricted by any algebraic relations other than the dispersion relation (1.10).
Recall that for a given square matrix Ω = (ω i j ), the Haantjes tensor is defined as [8] 2) where the N i jk are the components of the Nijenhuis tensor
Thus the vanishing of the Haantjes tensor imposes a large set of first order differential constraints on the ten unknown functions α, . . . , κ. These conditions are very restrictive and allow to obtain a wide list of systems (1.15) which possess 2-component reductions. Imposing the further condition of existence of 3-component reductions one then obtains the complete list of integrable dispersionless systems (1.15). The list is extremely lengthy and most of systems are not deformable to (1.14).
Remark 2. In order to apply the perturbative approach it is necessary to exclude linearly degenerate dispersionless systems as their dispersive counterparts do not inherit the hydrodynamic reductions. These systems are characterized by the fact that their N -phase solutions are continuous and do not admit the gradient catastrophe. A different perturbative approach would be required. Fortunately, these systems can be easily discarded by verifying an algebraic criterion that was introduced in [5].
Now we proceed to the classification of dispersionless systems (2.1) which possess polynomial dispersionless Lax representations. It was noted in the Introduction that the system
possesses a dispersionless Lax representation
Introducing notations p = S x , q = S y , s = S t the relations (2.5) can be rewritten as
and the compatibility conditions S xy = S yx , S xt = S tx , S yt = S ty take the form
It is easy to see that relations (2.6) and (2.7) can be written as [13, 14] ). Definition 3. A pair F (p, q), G(p, q) of polynomials in p, q with coefficients depending on u, v and u, v, w correspondingly is called a generator of a dispersionless Lax pair for a system (2.1) if
2. rank
.
A polynomial Lax pair for a given system is not unique. Apart from transformations p → µ 1 p+µ 2 , q → µ 1 q + µ 3 , s → µ 1 s + µ 4 , µ 1 , . . . µ 4 = const we also have that if F, G are generators of a dispersionless Lax pair for a system then f (F ), G are also generators of a dispersionless Lax pair for the same system for an arbitrary polynomial f . Moreover G is defined modulo F . Condition 1 is the compatibility condition while condition 2 implies that the Lax pair is faithful, i.e. the compatibility condition is satisfied due to both equations in the system (2.1).
We now present the list of dispersionless systems which possess polynomial dispersionless Lax pairs. We restrict the classification of polynomial Lax pairs to those of degree 2 and leave the consideration of systems with Lax pairs of higher degrees for future studies.
Theorem 2. If the system (2.1) possesses a polynomial dispersionless Lax pair with deg F = 2, deg G mod F = 2 and if F is an irreducible polynomial then up to the group of invertible transformations v → f (u, v), x → x, y → y + sx, u → u, w → w − su, s = const, and rescaling of variables it is one of the following ones:
10)
11)
12)
13)
14)
(2.15)
17) We finally make the following observation which greatly simplifies the computations entering the perturbation scheme in the next section. Proposition 1. The dispersion relation (1.10) of every system in (2.10)-(2.18) is a rational cubic curve.
Indeed the dispersion relation (1.10) of systems of the form (2.1) defines a homogeneous cubic polynomial in the variables λ i , µ i and can be viewed as a ternary cubic form by introducing triples X i , Y i , Z i through the relations λ i = X i /Z i , µ i = Y i /Z i . It can be shown that for each of systems (2.10) -(2.18) the dispersion relation is a singular cubic form and therefore admits a rational parametrization. This can be verified by noting that the discriminant of the curve vanishes identically. This discriminant takes the form of a sixth-order polynomial and there exists a straightforward algorithmic procedure originally developed by Hesse [9] to obtain its explicit expression (see also the appendix in [12] ). The singular point can either be a double point or a cusp and it should be noted that for systems (2.15)-(2.18), the nature of the singularity can change in the limit h → 0. For these cases, taking the limit in the corresponding Lax pair generators does not lead to a Lax pair of the limiting system.
Dispersive deformations. The classification theorem.
In this section we study the dispersive deformations of systems (2.10)-(2.18) up to order ǫ. We illustrate the deformation procedure by recovering Zakharov's system (1.2) and its Lax pair (1.3) from their dispersionless limits. To this end, dispersive corrections in the form of infinite series are added to equations (1.12) namely
where W ′ = R(V ′ ) 2 and the unknown functions v 1 (R), w 1 (R), a 1 (R), A 1 (R), . . . are to be determined. Again, it is assumed that the relation u = R remains undeformed through a Miura-type transformation. Equations (3.1) are then assumed to form a formal solution of some second-order dispersive system
where the nonlocal relation w y = u x is kept undeformed and σ 1 , . . . , σ 44 are functions of u, v, w to be determined. Noting that V (R) is an arbitrary function in (3.1), we now require that equations (3.1) define a solution of (3.2) for any function V (R). This requirement together with the compatibility condition R ty = R yt specify uniquely all unknown functions, up to a rescaling of ǫ, and Zakharov's system (1.2) is obtained. Up to the first order, the formal series solution is given by
while higher order terms can be determined algorithmically. We point out that a sufficient condition for defining completely the dispersive deformation, i.e. such that no function remains arbitrary, is that the dispersionless limit must not be linearly degenerate (see Remark 2). Moreover, it turns out that all systems in the considered class possess a unique integrable deformation. We do not exclude however the possibility that a given dispersionless system may possess two or more inequivalent dispersive counterparts and our algorithm would lead to all such deformations. Applying the same procedure to systems (2.10)-(2.18), we obtain the following exhaustive list of integrable Davey-Stewartson type systems.
Theorem 3. Up to the group of point transformations u → u, v → f (u, v) and re-scaling of variables, the following systems constitute the complete list of dispersive deformations of systems (2.10)-(2.18) up to order ǫ.
3)
6)
where w y = u x and A = D x + vD y , B = D x − hvD y . Parameter h in the above list if non-zero may be rescaled to 1.
Note that several of these systems have already appeared in other classification works. Zakharov's system (3.3) was recovered in [11] along with systems (3.4) and (3.5). Moreover the systems 12) and
also appeared in [10] and were shown to be equivalent to (3.4) and (3.5) through a Miura transformation in [11] . To the best of our knowledge, systems (3.6)-(3.11) never appeared in other classification problems and seem to be new.
Deformation of dispersionless Lax pairs
Lax pairs for systems (3.3)-(3.11) are obtained simultaneously through an analogous procedure.
The dispersionless Lax pairs for systems (2.1) are given by a pair of equations 14) and by relations
We can view the dispersionless system (2.1) together with (3.14-3.15) as a quasilinear system of hydrodynamic type of the form (1.7) with a reducible dispersion relation (1.10). This system possesses an infinite class of solutions of the form
Similarly to the construction of deformations for the system (2.1) and its hydrodynamic reductions we seek the deformation of the dispersionless Lax pair as
where at ǫ k we have homogeneous differential polynomials in derivatives of R i of degree k + 1. Deformations of equations (3.14) are in the form
and relations (3.15) are kept undeformed. Notice that we need to deform equations (3.14) up to the order ǫ only.
Dispersive deformations of the system (2.1) are already constructed and thus it is only necessary to find series (3.16) satisfying (3.15) and (3.17). Analogously to the procedure of constructing the dispersive corrections for the equation one can algorithmically construct series (3.16) and obtain a set of differential equations on the dispersive deformations f i , g i .
Equations (3.17), (3.15) can be viewed as a nonlinear form of a Lax representation for corresponding dispersive system. To obtain the linear Lax representation we recall that p = S x , q = S y , s = S t , ψ = e S ǫ and thus we can apply the transformation p = ǫD x log(ψ), q = ǫD y log(ψ), s = ǫD t log(ψ), (3.18) to relations (3.17).
Finally, the algorithm of deformations of dispersionless Lax pairs is the following:
• For a given dispersionless system one obtains its dispersive deformations;
• One deforms the corresponding dispersionless Lax pairs as in (3.16), (3.17) using the dispersive deformation of the system and its hydrodynamic reductions to obtain the nonlinear Lax representation;
• One applies the linearization transformation.
In the following Tables 2 and 3 we present nonlinear and linear Lax representations for systems (3.3)-(3.11). The transformation between the tables is of the form (3.18).
We note that for a given dispersive system the deformation of the corresponding dispersionless Lax pair may be not unique. Moreover for systems (3.3)-(3.11) there exists 3 different dispersive deformations of their Lax pairs. In the tables we present the simplest deformations only as we need only one Lax representation for every system (3.3)-(3.11) .
Eq no Nonlinear pair 
Conclusion
The main objective of this paper was to present new classification results based on the method of hydrodynamic reductions and their dispersive deformations. The technique was extended to provide an algorithm to compute the Lax pair of a dispersive system from that of its dispersionless limit. The classification of dispersionless systems was based on the requirement that in order to possess an integrable dispersive deformation, a dispersionless system should be generated by a polynomial Lax pair. In this work, we have restricted ourselves to second degree polynomial generators and a complete list of integrable Davey-Stewartson type systems has been obtained in this context. Consideration of higher degree polynomials may also lead to new systems and this task will be undertaken in a future work.
Eq no Lax pair (3.3) 4ǫ 2 ψ xy + 2ǫvψ y + uψ = 0, 2ǫψ t + 2ǫ 2 ψ xx + wψ = 0 (3.4) 4ǫ 2 ψ xy + vψ − 2ǫuψ x = 0, ψ t + ǫψ xx − wψ x = 0 (3.5) 2ǫψ xy + vψ y − uψ x = 0, ψ t + ǫψ xx − wψ x = 0 (3.6) 8ǫ 2 ψ xy − 4ǫuψ x + 2ǫhvψ y + (2v − huv + 2ǫhv y )ψ = 0, 16ǫψ t + 16ǫ 2 ψ xx − 16ǫwψ x + h 2 v 2 ψ = 0 (3.7) 4ǫ 2 ψ xy + 4ǫ 2 vψ yy + 2ǫuψ y + ψ = 0, ψ t + wψ y − ǫv 2 ψ yy + ǫψ xx = 0 (3.8) 2ǫhψ xy − 2ǫh 2 vψ yy + ψ x − h(v + hu)ψ y = 0, 2ψ t + 2ǫψ xx − h(v 2 + 2w)ψ y − 2ǫh 2 v 2 ψ yy = 0 (3.9) 4ǫ 2 ψ xy − 4hǫ 2 vψ yy − 2ǫ(v + 2ǫhv y )ψ y + (u − 2ǫv y )ψ = 0, 2ǫψ t − 2ǫ 2 ψ xx + 2ǫ 2 h 2 v 2 ψ yy + ǫh(4ǫv x + v 2 + 2huv − 2w)ψ y + (2ǫv x − w)ψ = 0 (3.10) 4hǫ 2 (ψ xy − hvψ yy ) − 2hǫ(2hǫv y + v(1 − hu))ψ y − 2ǫ(hu − 1)ψ x + h(uv − 2ǫv y )ψ = 0, 2ǫψ t − 2h 2 ǫ 2 v 2 ψ yy − 2ǫwψ x + 2ǫ 2 ψ xx + hǫv(2h(uv − 2ǫv y ) − v)ψ y + hv(uv − 2ǫv y )ψ = 0 (3.11) 4ǫ 2 ψ xy − 4ǫ 2 hvψ yy − 2ǫuψ x + vψ = 0, 4ǫψ t + 4ǫ 2 ψ xx − 4ǫ 2 h 2 v 2 ψ yy − 4ǫwψ x + hv 2 ψ = 0 
